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Many authors have studied the problem of determining the linear maps 
on the n x n matrix algebra M,(K) over a commutative ring K which 
preserve various properties. For example, Frobenius characterized the 
maps leaving the determinant function unchanged, in the case where K is 
the field of complex numbers [2]. The most far-reaching results were 
obtained by McDonald and, independently, by Waterhouse [S, lo]. They 
solved the problem of finding the maps leaving the set of rank 1 matrices 
invariant, where K is any commutative ring, and so solved several other 
“preserver problems” in this generality. McDonald’s method was to treat 
first the case where K is a local ring, by generalizing arguments used earlier 
over fields, and then to handle the general case by localization techniques. 
Waterhouse used group scheme methods. 
In this article, we make a start on the noncommutative case. If R is a 
local ring (not necessarily commutative) in the sense that its nonunits form 
an ideal, and R is an algebra over a commutative ring K, such that R is a 
finitely generated K-module, we determine the K-linear maps on M,(R) 
which leave the set of rank 1 matrices invariant. Here a rank 1 matrix is 
one whose image as a linear transformation is a free direct summand of 
rank 1 in R". 
Since localization techniques in noncommutative ring theory can lead to 
rings R which are not local, but which have a unique maximal ideal I for 
which R/Z is Artinian [3], we also consider the case of primary rings, 
which are of this type. The appropriate property to be preserved appears to 
be a notion we call “local length 1,” since this is invariant under Morita 
equivalence. 
Our results are obtained for maps from a space of linear transformations 
over an algebra R over K to a space of linear transformations over another 
algebra R,, since this amount of generality may be needed for application 
to the case of a general noncommutative algebra R. Also, we consider 
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spaces Hom,( W, V), where Wand V are (possibly nonisomorphic) finitely 
generated projective R-modules. At times the hypothesis of finite 
generation is not necessary. 
Our results are most simply stated for the case of a bijective K-linear 
mapf: Hom,( W, V) + Hom,,( W, , V,) which preserves transformations of 
local length 1, and whose inverse also has this property. If R and R, are 
local, then we show that R is isomorphic with R,, and f is given by a 
classical equivalence transformation, f(x) = hxg-‘, where g: W + W,, h: 
V + Vi are semilinear isomorphisms, or else R is anti-isomorphic with R, , 
and f is a twisted form of such a transformation, obtained by going first to 
dual modules (Corollary (31)). In the more general case of primary 
algebras, R and R, are not necessarily isomorphic or anti-isomorphic, and 
our result is given in categorical terms. There exists a category equivalence 
H of (left) R-modules with R,-modules such that H(W) = W,, H(V) = V,, 
and f is given by f(x) = H(x), or else f is given by a twisted form of such a 
transformation (Corollary (5C)). 
For reasons of symmetry, it is convenient to work with maps on tensor 
products U OR V rather than spaces Hom,( W, V). After some preliminary 
results on rank 1 elements and modules over local rings and algebras (Sec- 
tions 1,2), we prove the main theorem on rank 1 preserving maps between 
tensor products over local algebras (Theorem (3A)), and give the 
corresponding result for maps on spaces of linear transformations 
(Theorem (3H)). Following the definition of local length 1 and remarks on 
Morita theory (Section 4), we give the results for primary algebras in 
Section 5. 
1. RANK 1 ELEMENTS OVER LOCAL RINGS 
Although some of our results will be stated in somewhat greater 
generality, we are basically concerned with maps between groups of the 
type Hom,( W, V), where W and V are finitely generated projective left 
modules over a ring R. (All rings are taken to be associative with identity 
element, and modules are unitary.) We can work instead with tensor 
products, by the following well-known result [7, pp. 146-147-J. 
PROPOSITION (1A). If W is a finitely generated projective left R-module, 
then the dual W* = Hom,( W, R) is a finitely generated projective right 
R-module, and there is a natural isomorphism 
8: W* OR V-+ Hom,( W, V), 
such that O(g Qv) w = g(w) v, for g in W*, v in V, w in W. 
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Assume now that R is a local ring, that is, the nonunits of R form an 
ideal. This ideal is the Jacobson radical J(R), and R = R/J(R) is a division 
ring. In this case, every projective R-module I/ is free [6], and has a well- 
determined rank, given by the dimension dimK V, where the quotient 
P= V/J(R) V is considered as a vector space over R. If a E R, v E V, we 
write 
a=a+J(R), ;= v + J(R) V, 
- - 
for the corresponding elements of R, V. If V is free of finite rank, then a 
subset { ui, . . . . vn} of V is a basis of V if and only if {Ui, . . . . V,} is a basis of 
P over R [1, p. 241. 
We shall say that a subset {vi, . . . . v,} of an R-module V is t&modular in 
V if it is linearly independent over R and C Rv, is a direct summand of V. 
An element v is a unimodular element of V if {v> is unimodular in V. 
In the foregoing remarks and in the following proposition, we take our 
modules as left modules. Of course, the same results hold for right modules. 
A similar remark applies at other places where we speak of modules 
without specifying whether they are left or right modules. 
PROPOSITION (1B). Let R he a local ring, V a free R-module. Then the 
following statements are equivalent. 
6) {vI, . . . . v,} is unimodular in V. 
(ii) { U1 , . . . . O,,} is linearly independent over R. 
(iii) { u1 , . . . . v,} can be extended to a basis of V, 
(iv) There exist pl, . . . . p,, in V* such that 
Pjt”,) = 6ij, 
for i, j = 1, . . . . n. In this case, {p, , . . . . p,> is a unimodular set in V*. 
Proof. Since {ui, . . . . un} is finite, there is a direct decomposition 
v= VI@ v*, where V1 and V, are free, V, has finite rank, and 
10 I, ..‘, v,} E V,. Each one of the four statements i  equivalent to the same 
statement for {vi, . . . . o,} in V,. Thus we may assume V has finite rank. 
If (i) holds, then there is a submodule X such that 
V=Rv,@ ... @Rv,@X. 
Then (Rui) n J(R) V = J(R) ui, and so vi $ J(R) V, by linear independence, 
so that Ui # 0. Since 
it follows that { V1, . . . . V,,} is linearly independent over R. 
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If (ii) holds, then {Ui, . . . . U,,} can be extended to a basis 
16 I, . . . . fi,,, 6, + 1, . ..1 Em} of the vector space l? For i> n, choose any 
preimage ai of Ui. Then {u,, . . . . u,, a,,+, . . . . v,} is a basis of V. 
If (iii) holds, and {a,, . . . . u,, v,+ i, . . . . u,} is a basis of V, form the dual 
basis {p, 2 ‘.., P,, 3 Pn + I > ...3 p,> of V*. Then {pl, . . . . pn} satisfies (iv). 
Suppose (iv) holds. Let X be the intersection of the kernels of the pj. If 
~;;u~;~X, then a,= p,(C a,~,) =O. This shows that (C Ruj) nX=O, and 
2 ..., u,} is linearly independent. If u E V, then u - 2 p,(a) ui E A’, so 
that 
and {vi, . . . . u,} is unimodular in V. 
Finally, if {p,, . . . . p,,} are as in (iv), then, since V can be regarded as the 
dual of V*, the symmetry of the condition (iv) shows that {pl, . . . . p,} is 
unimodular in V*. This completes the proof of (1B). 
We note the case n = 1 of (lB), in particular the fact that an element u is 
unimodular if and only if O# 0; that is, u#J(R) V. Also note that V is 
generated by its unimodular elements. 
If V, W are left R-modules, we say that an element of Hom,( W, V) is of 
rank 1 if its image is a direct summand of V which is free of rank 1 over R, 
the same definition given by McDonald in the case R is a commutative 
local ring [S J. If U is a right R-module, an element of U OR V is of rank 1 
if it can be expressed as u @ v, where u is a unimodular element of U and u 
is a unimodular element of V. These notions are compatible with (lA), as 
follows. 
PROPOSITION (1C). Let V, W be left modules over a local ring R, and 
suppose W is free of finite rank. In the natural isomorphism 0: W* QR V -+ 
Hom,( W, V) of (lA), an element x of W* OR V is of rank 1 if and only if 
e(x) is an element of rank 1 in Hom,( W, V). 
Proof: Let x = g Q v, where g is unimodular in W* and v is unimodular 
in V. Since W is free of finite rank, W* is free and W** can be identified 
with W. By (lB), there exists an element w of W such that g(w) = 1. Hence 
e(x) W= g(W) u = Rv, a direct summand of V which is free of rank 1. 
Conversely, suppose y E Hom,( W, V) and y(W) is a direct summand of 
V which is free of rank 1, so that y(W) = Ru, where u is unimodular in V. 
Since each element of Ru has the form au for a uniquely determined 
element a of R, there is a map g: W + R such that y(w) = g(w) u, for all w 
in W. Then g E W*, and there exists an element w of W such that g(w) = 1, 
since g(W) = R. By (lB), g is unimodular in W*, and so y = B(g0 v), 
where g@ v is of rank 1 in W* OR V. This completes the proof of (1C). 
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Thus, for our purposes, the study of groups of the type Hom,( W, V) is 
equivalent to the study of tensor products UOR V, where U is a free right 
R-module and V is a free left R-module. 
The decomposition u @ u of a rank 1 element is essentially unique. 
PROPOSITION (1D). Let U be a free right R-module and V a free left 
R-module, where R is a local ring. Suppose x is an element of rank 1 in 
U OR V, so that x = u@ v, where u is unimodular in U and v is unimodular in 
V. If also x = u’ &I v’, then there exists a unique unit a of R such that u’ = ua, 
v’=ap’ v. In particular, u‘ and v’ are unimodular, and 
U(x) = uR, V(x) = Rv 
are submodules of U, V, uniquely determined by x. 
Proof. By (IS), there exists an element p of U* such that p(u) = 1. This 
induces an additive map ~7 of UOR V into V in the natural way, so that 
P(x) = p(u) v = v. 
Also, j(x) = p(u’) v’. Thus, u = au’, where a = p(u’). 
Similarly, u = u’b, where b E R. Then, 
1 = p(u) = p(u’) b = ah, 
so that a is a unit, b=a-‘, and a and b are uniquely determined. This 
proves (1D). 
We denote the natural map 
U@, v+ OOR B 
as x-+X. If x has rank 1, then X has rank 1 in aoR p, and u(X) and P(X) 
are the images of U(x) and V(x) in D and I? 
LEMMA (1E). Zf x, y are elements of rank 1 in U@, V such that x + y is 
of rank 1 or x+y = 0, then the following statements hold. 
(a) B(X) = U(j), or V(x) = V(y). 
(b) U(x) = U(y), or V(X) = B(j). 
Proof: Let x=ulOvI, y=u,@v,. If X=0, then ii,@~,= 
- U,@V,, and so 
U(x)=u,R=u,R= O(Y), 
V(X) = Ro, = Rv, = P( I’), 
by (lD), applied to 0 and P over R. 
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Suppose x + y is of rank 1, x + y = u 0 v, and suppose D(X) # O(y), so 
that {U,, zi2} is linearly independent. By (lB), there exist elements p,, pz of 
U* such that pj(u,) = 6,, i, j= 1, 2. These elements induce additive maps 
p”, , jYz of UOR P’ into V in the natural way, and 
UI = d,(x) + d,(Y) = dl(X + Y) = p,(u) v9 
02 = 62(x) + d2b) = 62(x + Y) = P2(U) 2). 
Since u1 and v2 are unimodular, p,(u) and p2(u) must be units of R, and so 
V(x) = Ru, = Rv = Rv, = V(y). 
This proves (a), and (b) is also valid, by symmetry. 
2. RANK 1 MODULES OVER LOCAL ALGEBRAS 
Now suppose R is a local ring, which is an algebra over a commutative 
ring K. 
PROPOSITION (2A). If R is finitely generated as a K-module, then the 
following condition is satisfied. 
(LA) The annihilator A4 in K of the module R/J(R) is a maximal ideal 
ofK, 
Proof: We may suppose R is a faithful K-module, so that K may be 
identified with a subring of the center of R. 
Suppose c( is an element of K which does not lie in J(R). Then CI is a unit 
of R, and has an inverse b in R. Since R is a finitely generated module over 
K, and K is central, it follows [4, p. 4081 that b is integral over K, 
b”+y,b”~‘+y2b”~2+ ... +y,=O, 
where y 1 ,..., yn E K. Multiplying by CC- ‘, we find 
b= -yyl-yy2~- ... -y,,rC-l~K, 
so that c1 is a unit of K. Thus the nonunits of K form the ideal Kn J(R), 
which is equal to M. Hence, K is a local ring, with maximal ideal AI. This 
proves (2A). 
The proof actually shows that M is the unique maximal ideal of K 
containing the annihilator in K of the module R. However, we shall not 
need this stronger statement. 
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We now assume R is a local ring which is a K-algebra satisfying the 
condition (LA) of (2A), without necessarily being finitely generated as a 
K-module. For brevity we call such a ring a local algebra over K. 
We denote the natural homomorphism of K on the field K= K/M by 
CI -+ Cc. If V is a (left) R-module, then V becomes a K-module, with 
au = (cl1 R) u, 
where c( E K, u E V. The R-vector space P = V/J(R) V is also a vector space 
over K, with 
In particular, we note that if CIU is unimodular, then c( # M and u is 
unimodular. 
If S is any K-module, then S/MS is a vector space over K. (We do not 
denote it S, to avoid confusion in the case where S is an R-module.) We set 
dK( S) = dimg( S/MS). 
If S’ is a direct summand of S, then d,JS’) < dK(S). If MS = 0, so that S 
is a vector space over & then this holds for any submodule S’ of S. In 
particular, R is a division algebra of dimension dK(R) over K, and, if P is 
any vector space over R, then 
dK( V) = dK( 8) dim R l7 
We say that a K-submodule S of a free R-module V is a unimodular 
K-submodule if every element of S not in MS is unimodular in V, or, 
equivalently, that 
MS=SnJ(R) V. 
If dK(S) > 0, then MS is a proper submodule of S, and so S is generated as 
an additive group by its unimodular elements. 
LEMMA (2B). Zf V is a free R-module, and X is an R-submodule of V 
containing J(R) V, then there exists a unimodular K-submodule S of V such 
that 
X=S+ J(R) V. 
For any such S, dK( S) = dK(x), where x = X/J(R) V, 
Proof. Let {u;} be a set of elements of X, such that the set {vi} is a 
basis of x as a vector space over K, and let S be the K-submodule of X 
270 W. J. WONG 
generated by { ai}. Ifs is an element of S not in MS, then s = C miui, where 
cl; lie in K, and at least one cli does not lie in M. Thus, S= x CLj, # 0, since 
some cli # 0, and so s is unimodular. 
Since MS = S n J(R) V, we have a K-isomorphism 
S/MS- (S+J(l?) V)/J(R) v=x, 
and so dK(S) = CIIJX). This proves (2B). 
We remark that S can be constructed to contain any given unimodular 
set of V which lies in X, since, by (lB), the corresponding set in x is 
linearly independent and can be extended to a basis. 
Again, let U be a free right R-module and I’ a free left R-module. Then 
UOR V is a K-module, with 
a(uQu)=uccQu=uQcru, 
for u E U, v E V, c1 E K. We say that a K-submodule H of U OR V is a rank 1 
K-submodule if every element of H not in MH has rank 1. If dK( H) > 0, 
then MH is a proper submodule of H, and so H is generated as an additive 
group by its rank 1 elements. Under the natural map 
MH is mapped on 0, and so (1 E) applies to elements of H. 
If u E 0: we write 
UQ v= {UQUlUE v}. 
Similarly, we define U@ v, for v in V. 
LEMMA (2C). Suppose dK(R) < co, and H is a rank 1 K-submodule of 
UOR V, such that 
d,(H) > d,(R). 
Then, one of the following holds. 
(i) There exist rank 1 elements x, y of H such that v((x) # p(J), and 
HcuQ V, 
for some unimodular element u of U. 
(ii) There exist rank 1 elements x, y of H such that a(X) # u(v), and 
HG U@v, 
for some unimodular element v of V. 
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Proof: If x, y are rank 1 elements of H such that P(X) # v(j), then 
U(x)= U(y), by (1E). If z is any rank 1 element of H, then P(Z) # P(X) or 
P(Z) # P(j), and so U(z) = U(x) or U(z) = U(y), by (1E). In either case, 
U(z) = U(x), so that z E u @ V, where U(x) = uR. Since H is generated by 
rank 1 elements, HE u 0 V. 
Thus we need prove only that there exist rank 1 elements x, y of H, such 
that P(Z) # V(j) or O(X) # O(j). Suppose this is not so. Then there exist - - 
one-dimensional W-subspaces A, B of U, V, such that the image I of H 
under the natural map of UOR V into 0 Q R B is a K-submodule of 
A OR B, which is a vector space over R. If x has rank 1, then X # 0; if 
x E MH, then X = 0. Thus, HIMH N I, so that 
d,y( H) = d,(l) d d,(A 0 B) = dK( I?), 
a contradiction. This proves (2C). 
3. RANK 1 PRESERVING MAPS OVER LOCAL ALGEBRAS 
We now consider maps between modules of the form UQR V, where R is 
a local algebra in the sense of Section 2. If V, V, are left modules over rings 
R, R,, and 0 is a homomorphism of R into R,, then a map h of I/ into V, 
is semilinear with respect o IT (more briefly, a-linear), if h is additive, and 
h(au) = a”h(o), for v in V, a in R. Similarly, one can define o-linear maps 
between right modules. Further, a-linear maps can be defined from a left 
module to a right module, or vice versa, where G is a ring anti- 
homomorphism. 
THEOREM (3A). Let R, R, be local algebras over commutative rings 
K, K1, respectively, let U, V be free right and left modules of rank greater 
than 1 over R, and let U,, V, be free right and left modules over R,. Let p be 
a surjective ring homomorphism of K on K,, and suppose 
is a u-linear map such that the image of every rank 1 element has rank 1. 
Assume that 
d,(R)>d,,(R,)<oo. 
Then one of the following holds. 
(i) There exists a unimodular element u, of WI such that 
f(U0, V)cu,O V-1. 
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(ii) There exists a unimodular element v1 of V, such that 
f(UO, V)s U,OUl. 
(iii) There exist a ,u-linear ring homomorphism a: R + R, and u-linear 
maps g: U -+ U,, h: V + V, such that g and h map unimodular elements on 
unimodular elements, and 
f(u 0 u) = g(u) 0 h(v), 
for all 2.4 in U, v in V. 
(i) There exist a p-linear ring anti-homomorphism IS: R -+ R, and 
a-linear maps g: V -+ U,, h: U -+ V, such that g and h map unimodular 
elements on unimodular elements, and 
f(u 0 0) = g(v) Oh(u), 
for all u in U, v in V. 
In cases (iii) and (iv), dK(R) = dK,(R,). 
We devote most of the section to proving this theorem. 
Let M, M, be the annihilators in K, K, of the modules w= R/J(R), 8, = 
R,/J(R,). By definition of local algebras, property (LA) of (2A) holds; that 
is, M, M, are maximal ideals of K, K,, respeclively. 
LEMMA (3B). p maps A4 on M, . 
Proof Since p is surjective, it induces a bijection between the set of 
ideals of K which contain the kernel of p and the set of all ideals of K,. Let 
I be the inverse image in K of M,. Since M, is maximal in K,, I is a 
maximal ideal of K. Thus it is enough to show that IS M. 
Suppose CI is an element of K not in M, so that al R is a unit of R. Let U, v 
be unimodular elements of U, V, respectively. Then CLV is also unimodular, 
and so both u @ u and u @ uv have rank 1. Thus f(u 0 u) = u1 @ v, , for 
some uI in U,, v1 in V,, so that 
Since this has rank 1, a%, is unimodular. Thus, CP $ M,, so that 0: 4 I. This 
shows that IEM, and proves (3B). 
It follows from this lemma that p induces an isomorphism of K= K/M 
on R, = K,/M,. 
LEMMA (3C). If u is a unimodular element of U, then either f(u @ V) G 
ul@ V,, where u, is a unimodular element of U1, or f(u@ V)L U, @v,, 
where v1 is a unimodular element of V,. 
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Proof: Choose a unimodular K-submodule S of V such that V = S + 
J(R) V, as in (2B). Let 
H, = (f(uOu)luEq, 
a K,-submodule of U, OR, Vi. If u is unimodular in V, then f(u@ u) has 
rank 1. If IJ is an element of S which is not unimodular in I’, then 
u = C fliui, where pi E M, ui E S. Then, 
by (3B). Thus H, is a rank 1 K,-submodule of U, OR, Vi, and u + f( u @ u) 
is a map inducing a p-linear isomorphism of S/MS on H,/MiH,. Using 
the isomorphism of R with R, to compare dimensions, and applying (2B), 
we see that 
d,,(H, I= dK(S) = dK( m. 
If I/ has rank r as a free R-module, then r > 1, and 
since d,(R)>d,,(R,), and dK,(R,) is finite. We can apply (2C), with 
R,, K,, H,, etc., in place of R, K, H, etc. Consider case (i) of the con- 
clusion of (2C), so that there exist rank 1 elements x1, y, of H, , and a 
unimodular element ui of U,, such that P,(X,) # P,(j,), and H, G u, 0 V,. 
To prove that f(u @ V) c u, 0 V,, it suflices to show that, if t E J(R) V, 
then f(u 0 t) E u1 0 V, . We have 
Xl =f(u@u), YI =S(uOw), 
where u, w are unimodular elements of V lying in S. From V,(Xi ) # P,( j, ) 
it follows that X, + ji # 0, so that u + w cannot lie in MS. Thus u + w is 
unimodular, so that t + u + w is also unimodular, and 
z,=f(u@(t+u+w)) 
is an element of rank 1 in U, OR, V,. If necessary interchanging x, and y,, 
we may assume that P,(z,) # P,(x,). Since 
ZI --Xl =f(uO (t + w)), 
and t + w is unimodular, it follows from (1E) that U,(z,) = U,(x,), so that 
z,~u,@I/,. Thus, ~(uO~)=Z~-X~-~,EU,OV,, as required, proving 
thatf(u@V)~u,@V,. 
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If case (ii) of the conclusion of (2C) holds, then a similar argument 
shows that f(u @ V) E U, 0 vi, for some unimodular v, in V,. This proves 
(3C). 
Of course, a similar result applies to f( UQ u), where u is unimodular in 
V. The next result shows that one of the two possibilities in (3C) holds 
uniformly as u varies over the unimodular elements of U. 
LEMMA (3D). If u, u’ are unimodular elements of U, it is impossible to 
have 
f(uO V)GU,O v,, f(u’O V)s u,ov,, 
whereu,EU,, v,EV,. 
Proof: First suppose {U, U’ > is a linearly independent set in U. Then 
u + U’ is unimodular, by (1 B). For o in V, write 
e(u) =f(uO ~1, e’(v) = f(u’@v). 
Then, e and e’ are p-linear maps of V into U, OR, Vi. If v is unimodular in 
V, then the terms of the equation 
e(u)+e’(v)=f((u+u’)Ov) 
all have rank 1. By (lE), either 
-- 
Vl(e(v)) = P,(el(v)) = RI 6, 
or 
D,(e’(v))= O,(e(u))=ti,R,, 
and so either e(u) or e’(v) lies in U, @ R,ti,. This shows that every 
unimodular element of V lies in one of the following K-submodules: 
A = {ve Vle(v)f5U1@R,Cl}, 
A’= {UE Vle’oEu,QR,v,}. 
Choose a unimodular K-submodule S of V such that V = S + J(R) V, as 
in (2B). If VEMS, then e(u)E M,(U, OR, V,), so that e(v)=O. Hence 
MScA, and so ScAuA’. 
Let R, = {e(v)Iv E S} be the image of S under the map o + e(v) of S into 
the RI-vector space 0, OR, 9,. By the argument used in (3C), 
RANK 1 PRESERVING MAPS 215 
so that R, G U, @ 8,V,. Thus, S @ A. Similarly, S @ A’. Now 
S=(SnA)u(SnA’) 
exhibits S as a union of two proper submodules, which is impossible. 
Now suppose {U, ii’} is a linearly dependent set in 0. Since U has rank 
greater than 1 over R, we can choose U” in U, such that {U, $‘} is linearly 
independent, and so { ti’, ii”} is linearly independent. The case already 
proved shows thatf(u”@ V) cannot have the form U, Our, and so has the 
form u2 0 VI, by (3C). Another application of the case already proved 
shows that f(u’ @ V) cannot have the form U, 0 u, This proves (3D). 
We now have two possibilities: 
(A) For every unimodular element u of U, there exists a unimodular 
element U, of U, such that 
(B) For every unimodular element u of U, there exists a unimodular 
element zjl of V, , such that 
Similarly, we also have two possibilities for the f( U 0 t’). 
(a) For every unimodular element u of V, there exists a unimodular 
element u, of I/, , such that 
1’(U@U)EU,@U,. 
(b) For every unimodular element u of V, there exists a unimodular 
element U, of U, , such that 
In all, we therefore have four cases, (Aa), (Ab), (Ba), (Bb), where (Aa) 
means that both (A) and (a) hold, etc. We consider these one at a time. 
Case (Ab). Fix unimodular elements u, u, , of V, U, , satisfying (b). If u 
is unimodular in U, then U,(j”(u@u)) = u, RI, so that in (A) we must have 
f(u@ V) z U, @ VI. Since the unimodular elements generate U as an 
additive group, we obtain conclusion (i) of the theorem. 
Case (Ba). An exactly similar argument gives conclusion (ii) of the 
theorem. 
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Case (Aa). Fix unimodular elements z+,, uO in U, V, respectively. Since 
(a) holds, there is a unimodular element u1 of V,, and a well-defined map 
g: U + U,, such that 
for all u in U. Since f is p-linear, g is also p-linear. From (A), if u is 
unimodular, then g(u) is unimodular, and f (u @ V) c g(u) @ V, . Applying 
this to the element u,,, we see that there is a well-defined map h: V+ V,, 
such that 
f(~oO~)= g(%)ONu), (1) 
for all u in V, and h is p-linear. By (a), if u is unimodular, then h(u) is 
unimodular, and f (U @ u) G U, @ h(u). 
Now, if u and u are both unimodular, there exists a unit c(u, u) in R,, 
such that 
f(uou)=g(u)Oc(u,u)h(o). (2) 
We shall prove that, if U, U’ are unimodular elements of U, and if v is 
unimodular in V, then 
c(u, u) = c(u’, u). 
First, suppose that {U, ti’} is linearly independent in the R-vector space 
D, and that {g(u), &?-)} ’ 1’ 1s mearly independent in the I?,-vector space 0,. 
By (lB), u + U’ is unimodular. From the equation 
and the fact that h(u) is unimodular, we find 
g(u + u’) c(u + u’, u) = g(u) c(u, u) + g(d) c(u’, u). 
Since g(u + u’) = g(tl) + g(u’), and {g(u), g(u’)} is linearly independent in 
U,, by (lB), we see that 
c(u, u) = c(u + u’, u) = c(u’, u). 
Next, suppose that {ii, G’} is linearly independent over i?, while 
{g(u), g(u’)} is linearly dependent over R,. Let 
A’= uR + u’R + UJ( R). 
RANK 1 PRESERVING MAPS 211 
By (2B) and the remark following its proof, there exists a unimodular 
K-submodule S of U, containing U, u’, such that X = S + UJ(R), and 
where X= X/UJ(R). Since g maps unimodular elements on unimodular 
elements, and 
-. 
the map s -+ g(s) IS a p-linear map of S on a K,-submodule Y of I??,, with 
kernel SM. Hence, 
dK,(Y)=dK(S)= 2d,(R)3 24,(R). 
- - 
Since cl,,( g(u) R, ) = dK,( R, ), there exists an element s of S, such that 
-- -- 
g(s) RI @ g(u) RI = g(u’) R,. 
-- 
Then, s is unimodular, and {g(s), g(u)}, {s(s), g(u’)} are both linearly 
independent sets in 0,. 
We can also assume that {& u}, {s, ti’> are both linearly independent 
sets in a, for otherwise we can replace s by s + u or s + u’. Now, by the first 
case dealt with above. we have 
c(u, u) = c(s, u) = c(u’, II). 
Finally, suppose that {U, U’) is a linearly dependent set in D. Since II has 
rank greater than 1, we can choose U” in U, such that {U, 3’) is linearly 
independent (and hence so is {U’, ii”}). By the cases already treated, 
c(u, u) = c(u”, 0) = c(u’, u). 
We have proved that c(u, u) is independent of the choice of the 
unimodular element U. But, by Eq. (I), c(u,,, u) = 1. Hence, c(u, a) = 1, for 
all U, u, so that Eq. (2) becomes 
f(uOu)= g(u)Oh(u), 
whenever 1.4, u are unimodular. Since U and V are generated as additive 
groups by their unimodular elements, it then follows that this equation 
holds for all u in U, u in V. 
Suppose U, u are unimodular, and let a E R. Since f(u 0 au) =f(ua 0 u), 
we have 
g(u) 0 h(au) = g(ua) Oh(u). 
481/113/2-2 
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Since g(u) is unimodular, it follows that 
h(m) = a, h(u), 
where a, E R, , by the proof of (1D). Then, 
and so, since h(u) is unimodular, 
g(ua) = g(u) ai. 
This equation shows that a, is independent of u, and the earlier equation 
shows that a, is independent of U, so that a + a, is a well-defined map o of 
R into R, . We now write ua in place of a,, and so 
for all unimodular u in U. Since the unimodular elements generate U as an 
additive group, this holds, in fact, for all u in U. Similarly, h(uu) = u”h(u), 
for all u in V. 
If u is chosen to be unimodular, so that g(u) is also unimodular, then, for 
a, b in R, 
g(u)(ub)“= g(uub) = g(uu) b”= g(u) ubbo, 
so that (ab)” = ubbU. Similarly, (a + b)” = a” + b”, 1” = 1, so that cr is a ring 
homomorphism of R into RI. Also, if CI E K, 
g(u)(ctu)” = g(mu) = cPg(uu) = @g(u) d, 
so that (CCU)~ = CPU”, and (T is p-linear. We have shown that conclusion (iii) 
of the theorem holds. 
The inverse image I of J(R,) under (T is a proper ideal of R, and so 
ZE J(R). Thus, a is isomorphic with a quotient ring of R/Z, which in turn is 
isomorphic with a subring of I,, by a p-linear isomorphism induced by 6. 
Hence, dK(R) 6 d,,(R,), and so dK(R) = d,,(R,). 
Case (Bb). Here case (iv) of the theorem holds. The argument is essen- 
tially the same as for case (Aa), and is omitted. This completes the proof 
of (3A). 
A “bijective version” of the theorem is more simply stated. 
COROLLARY (3E). Let R, R, be local algebras ouer a commutative ring 
K, which are finitely generated us K-modules. Let U, V be free right and left 
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modules of rank greater than 1 over R, and let U1, V, be free right and left 
modules of rank greater than 1 over R, . Suppose 
is a bijective K-linear map, such that f(x) has rank 1 if and only if x has 
rank 1. Then, one of the following holds. 
(i) There exist an algebra isomorphism o: R -+ R, and o-linear 
isomorphisms g: U + U,, h: V -+ V, such that 
f(u 0 v) = g(u) 0 h(v), 
for all u in U, v in V. 
(ii) There exist an algebra anti-isomorphism a: R -+ R, and a-linear 
isomorphisms g: V + U,, h: U --+ V, such that 
f(u@v)= dv)Oh(u), 
for all u in U, v in V. 
Proof We can apply (3A) to f or f - ‘, depending on whether 
dk(R) B dK(Rl) or dk(R) < dK(R1). Cases (i) and (ii) of (3A) cannot hold, 
and so d,(R) = d,.JR,). Then (3A) applies to both f and f - ‘, and it is easy 
to obtain the desired result from cases (iii) and (iv) of (3A), using the 
following facts. 
(a) There do not exist maps e: U + V, k: V + U, such that u@ o = 
k(v) 0 e(u), for all u in U, u in V. 
(b) If e: U -+ U, k: V + V are additive maps such that u@ v = 
e(u) @ k(u), for all u in U, u in V, then there exists a unit a of R such that 
e(u) = ua, k(v)=a-‘v, 
for all u in U, v in V, so that e and k are z-linear isomorphisms, where z is 
the inner automorphism of R induced by a. 
From (1A) and (lD), our results can be stated as results on maps 
HomA W, V -, HomR,( WI, VI), 
where W, V are free left R-modules, and W,, V, are free left R,-modules, 
with W and W, of finite rank. However, the homomorphism rr: R + R, in 
(3A)(iii) does not have to be an isomorphism (even if R = R,), and so the 
adjoint of a o-linear map g: W* + W: cannot be defined as a map 
W, -+ W. A similar remark holds for case (iv). We use a change of rings 
technique. 
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A ring homomorphism 6: R -+ R, makes R, into a right R-module, by 
a, .a=a,aO, 
where a, E R,, a E R. Then, R, is an (R, , R)-bimodule (called a left RI-right 
R module in Cl]), and any left R-module V defines a left R,-module 
R, OR V. The following holds for any rings. 
PROPOSITION (3F). Let CT: R -+ R, be a ring homomorphism, making R, 
into an (R,, R)-bimodule as above. Let V, W be left R-modules, and V,, W, 
left R,-modules. 
(a) If x E Hom,( W, V), there exists an R,-linear map 
lQx:R,@, W-+R,QR V, 
such that (l@x)(a,@w)=a,gx(w), wherea,ER,, U’E W. 
(b) rf h: V-r V, is a a-linear map, there exists an R,-linear map k: 
R,OR V+ V,, such that k(a,@v)=a,h(v), where a,ER,, VE V. 
(c) For each element q of W*, there exists an RI-linear map s(q): 
R, @R W+R,,such thats(q)(a,@w)=a,q(w)“, wherea]ER,, WEW. 
(d) If W is a finitely generated projective module, and g: W* -+ WT is 
a a-linear map, there exists an R,-linear map e: W, -+ R, OR W, such that 
s(q)(4wl )I = g(q)(w, 1, 
where q E W*, w I E W, . 
Proof. Assertions (a) and (b) are well known and easily verified. The 
correspondence x + 10.x in (a) is a functor from the category of left 
R-modules to the category of left R,-modules, and (b) shows that this 
functor is the adjoint of the functor from R,-modules to R-modules given 
by pulling back along (T. Assertion (c) follows from (b), applied to the 
a-linear map w --, q(w)” of W into R,. 
For (d), we use the dual basis lemma for projective modules [4, p. 1521. 
There exist subsets {y,, . . . . y,}, {q,, . . . . qm} of W, W* respectively, such 
that, for every element w of W, w = C qi(w) yi. It then follows that, if 
q E W*, then q = C qi. q(yi). An easy calculation shows that the map e: 
W, + RI OR W given by 
e(w,) =C &Awl)0 Yi 
has the desired property. This proves (3F). 
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The map 4: W -+ R, OR W given by +4(w) = 10 w is a a-linear map, such 
that 
s(q)(gl(w)) = q(w)“, 
for w in W, q in W*. If 0 is an isomorphism, then CJ has an inverse, and 
g* =c+-le is a 0-l -linear map of W, into W, satisfying the identity 
for q in W*, wi in W, . This map g* is the usual adjoint of g in the case o is 
an isomorphism, and e may be regarded as the adjoint in the general case. 
We note that, when R, R, are algebras over K, K,, and c R -+ R, is a 
homomorphism which is p-linear with respect to a homomorphism p: 
K + K,, then the action of K on R, defined by way of the action of R is 
compatible with the action of K, on R,, 
where a, E RI, C(E K. 
If cx R + R, is a ring anti-homomorphism, then R, becomes a left 
R-module, by 
a.a, =a,a”, 
where a, E R,, a E R. This action commutes with the action of RI on itself 
by left multiplication, and we say R, is a left (R,, R)-module (called a left 
R,-left R bimodule in [ 11). Any right R-module U then defines a left 
R,-module U@, R,. 
PROPOSITION (3G). Let o: R + R, be a ring anti-homomorphism, making 
R, into a left (R,, R)-module as above. Let V, W be left R-modules, and 
V, , W, left R,-modules. 
(a) If x~Hom,( W, V), there exists an RI-linear map x* @ 1: 
V*@, R, -+ W*Q, RI, such that 
(x*0 l)(pQa,)= px@a,, 
where p E V*, a, E R, , and px is the composite of the maps p, x. 
(b) If h: W* + V, is a a-linear map, there exists an RI-linear map k: 
W*ORR1-* V,, such that k(q@a,)=a,h(q), where qE W*, u,ER,. 
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(c) For each v in V, there exists an RI-linear map s(v): 
V*@. R, -+ RI, such that 
s(v)(pO al I= a, p(v)“, 
where pE V*, a, E R,. 
(d) If V is a finitely generated projective module, and g: V + WT is a 
o-linear map, there exists an R,-linear map e: W, + V* @I~ R, , such that 
s(v)(4wl)) = g(v)(wl 1, 
where VE V, w, E W,. 
Proof: This follows from (3F), with R replaced by its opposite ring, V 
by W*, and W by V*. 
Again, if R, R, are algebras over K, K,, and (T is p-linear with respect o 
a homomorphism p: K -+ K, , the action of K on RI defined by the action of 
R is compatible with the action of K,, 
for CXEK, a,ER,. 
We shall say that a submodule T of an R-module W is of corank 1 in W 
if W/T is a free R-module of rank 1. 
THEOREM (3H). Let R, R, be local algebras over commutative rings 
K, K, respectively, let W, V be free left R-modules offinite rank greater than 
1, and let W,, V, be free left RI-modules, such that W, has finite rank. Let ,u 
be a surjective ring homomorphism of K on K,, and suppose 
f:HomdK V+HomR,(Wl, V,) 
is a u-linear map such that the image of every rank 1 element has rank 1. 
Assume that 
dK(R) 2 dk,(RJ -C 00. 
Then one of the following holds. 
(i) There exists a direct summand T1 of corank 1 in W,, such that 
that the kernel off(x) contains T,, for every x in Hom,( W, V). 
(ii) There exists a direct summand S, of rank 1 in V,, such that the 
image off(x) is contained in S,, for every x in Hom,( W, V). 
(iii) There exist a u-linear ring homomorphism o: R + RI (producing 
left R,-modules R, @I~ W, R, OR V) and R,-linear maps 
e: W, + R, OR W, k: RIOR V+ V,, 
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such that, for all x in Hom.( W, V), 
,f(x)=k(l Ox) e. 
If S is any direct summand of rank 1 in V, and T is any direct summand of 
corank 1 in W, then k(R, OS) is a direct summand of rank 1 in V,, and 
e-‘(R, 63 T) is a direct summand of corank 1 in W,. 
(iv) There exist a u-linear ring anti-homomorphism a: R + R, 
(producing left R,-modules W* OR R,, V* OR R, ) and R,-linear maps 
e: W, --t V*@. R,, k: W*Q, R,+ V, 
such that, for all x in Hom,( W, V), 
f(x) = k(x* 0 1) e. 
If S is any direct summand of rank 1 in V, and T is any direct summand of 
corank 1 in W, having annihilators So, p in V*, W*, respectively, then 
k(70@R,)isadirectsummandofrankl in V,,ande~‘(S”@R,)isadirect 
summand of corank 1 in W,. 
In cases (iii) and (iv), dk(R) = dk,(R,). 
Proof There are natural isomorphisms 
6: W* OR V-+ Hom,J W, V), 0,: WTO,, V, -+ Hom,,(W,, V,), 
given by (1 A), and the p-linear map 0; tfe of W* OR V into W: OR, V, 
maps rank 1 elements on rank 1 elements, by (1C). Theorem (3A) applies, 
with 8; ,fl, W*, W: in place off, U, U, , respectively. 
Suppose (3A)(i) holds. Then there is a unimodular element q, of W:, 
such that f(x) lies in B,(q, 0 V,), for all x in Hom,(W, V). By (lB), q, 
extends to a basis {q, , . . . . qn} of WT, and there is a dual basis (w,, . . . . w,} 
of W,. The kernel T, of q, has basis { w2, . . . . M.,}, and so is a direct sum- 
mand of corank 1 in W,, lying in the kernel of every element of 
fI,(q, @ V,). Thus (i) holds. 
Suppose (3A)(ii) holds. Then there is a unimodular element v, of V,, 
such that f(x) lies in O,( WT @v,), for all x in Hom,( W, V). Then 
S, = R, v, is a direct summand of rank 1 in V, , containing the image of 
every element of l3,( W: 0 v,), so that (ii) holds. 
Suppose (3A)(iii) holds. Then there exist a p-linear ring homomorphism 
u: R+R, and a-linear maps g: W* + WT, h: V -+ V,, mapping 
unimodular elements on unimodular elements, such that 
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for qE W*, UE V. Applying (3F), we find R,-linear maps k: R, OR V+ V,, 
e: W, + R, OR W with the properties given there. Note that, if x= 
B(q 0 u), then, for a, in R, and w in W, 
since a,@q(w)u=u,q(w)“@u. If W,E W,, then e(w,)ER,@, W, so that 
k(l o~)e(w,)=k(s(q)e(w,)Ou)=g(q)(w,)h(v), 
by (3F)(b, d). The right side is the image of W, under O,(g(q)@h(u)), so 
that 
4 10 -w) e =.f(x), 
for x = O(q @J v). Since the elements /3(q @ u) generate Hom,( W, V) as an 
additive group, this equation holds for all x. 
Suppose S is a direct summand of V having rank 1, so that S= Rv, 
where v is unimodular in V. Then k( R, 0 S) = R, h(v) is a direct summand 
of rank 1 in V,, since h(v) is unimodular in V,. 
Suppose T is a direct summand of W having corank 1. Then T is 
projective and so is free. A basis of T extends to a basis of W, and we see 
by taking a dual basis that the annihilator P in W* is generated by a 
unimodular element q. Then R, @ T is the kernel of the map s(q) of 
(3F)(c), and so, from (3F)(d), e-l (R, @ T) is the kernel of g(q). Since g(q) 
is unimodular in W:, this kernel is a direct summand of corank 1 in W,. 
Thus conclusion (iii) holds. 
If (3A)(iv) holds, then similar arguments using (3G) lead to conclusion 
(iv). This proves (3H). 
Again, there is a simpler “bijective version,” which follows from (3E). 
COROLLARY (31). Let R, R, he local algebras over a commutative ring K, 
which are finitely generated us K-modules. Let W, V be left R-modules and 
W, , V, left R ,-modules, all free of finite rank greater than 1. Suppose 
.f:HomAW, V)-+Hom,,(W,, V,) 
is a hijective K-linear map, such that f(x) has rank 1 if and only if x has 
rank 1. Then, one of the ,following holds. 
(i) There exist an algebra isomorphism u: R -+ R, and o-linear 
isomorphisms g: W + W,, h: V --) V,, such that 
.f(x)=hxg-‘, 
for all x in Hom,( W, V). 
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(ii) There exist an algebra anti-isomorphism u: R + R, and o-linear 
isomorphisms g: V* -+ W,, h: W* + V, such that 
f(x) = hx*g ‘, 
for all x in Hom,( W, V), where x* denotes the adjoint of x, an element of 
Hom,( V*, W*). 
If bases are chosen for W, V, W, , V, , this result can be stated in terms of 
matrices. Thus ,f is a bijective rank 1 preserving K-linear map 
.f: M,,,,,(R) + Mm,,,,,(R I h 
where M,,,.,(R) is the set of all m by n matrices over R. The conclusion in 
(i) is that m = m, and n = n,, and that there exist invertible matrices P, Q 
over R, , such that, for all A in M,,,,(R), 
f(A) = PA”Q, 
where CJ is an isomorphism of R with R,. The conclusion in (ii) is that 
m=n, and n=m,, and that there exist invertible matrices P, Q over R,, 
such that, for all A in M,n,,(R), 
,f(A I= WA Y’Q, 
where ‘A is the transpose of A, and CJ is an anti-isomorphism of R with R, . 
Hence f is one of two classical types of matrix transformations. 
4. LOCAL LENGTH 
For a ring which is not local, the definition of a rank 1 linear map given 
in Section 1 does not seem to behave well. If V is a finitely generated pro- 
jective module over a ring R, we say that V has local length 1 if, for every 
maximal ideal I of R, IV is a maximal (proper) submodule of V. Also, we 
say V has local length greater than 1 if, for every maximal ideal I of R, IV is 
a proper but nonmaximal submodule of V. 
If R is a local ring, then V has local length 1 if and only if it has rank 1 
as a free module. If R is any commutative ring, then V has local length 1 if 
and only if it has rank 1 in the usual sense [9, p. 71. However, we do not 
use the word “rank” in the general noncommutative case, since, for exam- 
ple, R itself may not have local length 1. 
If x E Hom,( W, V), we say that x has local length 1 if its image is a direct 
summand of V which is finitely generated, projective, and of local length 1. 
If T is a submodule of V, we say that T is of local colength 1 in V if V/T is a 
finitely generated projective module of local length 1. 
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We consider the behavior of these notions under Morita equivalence. Let 
(R, R’, P, Q, p, r) be a Morita context. Thus R, R’ are rings, P is an 
(R, R’)-bimodule, Q is an (R’, R)-bimodule, and 
are homomorphisms of (R, R)-bimodules and (R’, R’)-bimodules, respec- 
tively, satisfying certain associativity conditions [4, p. 1663. The context 
defines a functor 
F: R-mod + RI-mod, 
between the categories of left modules over R and R’, given by 
F(V)= Q@, I’, 
F(x)= 1 Ox: QoR W-+ QC$R V, 
for x in Hom.( W, V). Also, we have a functor 
E: mod-R + mod-R’, 
of right modules, given by taking tensor products with P. 
If p and T are surjective, then F, E are category equivalences, and R, R’ 
are said to be similar. If T is a submodule of a left R-module V, we shall 
identify F(T) with a submodule of F(V). The following properties hold. 
(a) F( V) is projective if and only if V is projective. 
(b) F(V) is finitely generated if and only if V is finitely generated. 
(c) The correspondence T+ F(T) is an isomorphism of the lattice of 
submodules of V with that of F(V). 
(d) There is a correspondence I+ I’ giving an isomorphism between 
the lattice of ideals of R and that of R’, determined by the condition 
QZ= Z’Q. 
(e) If XE Hom,( W, V), then F(im x)= im F(x), and F(ker x) = 
ker F(x). 
(f) If T is a submodule of V, then T is a direct summand of V if and 
only if F(T) is a direct summand of F(V). 
(g) If D: R-mod -+ mod-R, D’: R’-mod --, mod-R’ are the functors 
taking modules to their duals, then the functors ED and D’F from R-mod 
to mod-R’ are naturally isomorphic. 
Most of these properties are well-known, and may be found, for 
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example, in [4, Chap. 33. Property (g) may not be quite familiar. It may be 
proved as follows. Let V be a left R-module, with dual V*, so that 
ED(V)= v*o.p, D’F( V) = (Q OR v)*. 
There is an R’-homomorphism 
0: V*O,P-,(QOR I’)*, 
such that, if h E V*, p E P, q E Q, u E I’, then 
There are elements pj, p,! in P, qi, q: in Q, such that 
Now we can define an R’-homomorphism 
q5: (Q@, V)* + f’* OR P, 
such that, if gg (QBR I’)*, then 
where h, is the element of V* given by 
for u in V. It can be checked that Q and 13 are inverses of each other, giving 
the desired natural isomorphism. 
PROPOSITION (4A). Let (R, R’, P, Q, u, t) be a Morita context, with u 
and 5 surjective, defining a category equivalence F: R-mod -+ RI-mod. Then 
(i) V is a finitely generated projective R-module of local length 1 if 
and only if F( V) is a finitely generated projective RI-module of local length 1. 
(ii) V has local length greater than 1 if and only if F(V) has local 
length greater than 1. 
(iii) A submodule T has local colength 1 in V tf and only if F( T) has 
local colength 1 in F(V). 
(iv) Zf x E Hom,( W, V), then x has local length 1 if and only tf F(x) 
has local length 1. 
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Proof: If I, I’ are corresponding ideals of R, R’ in the lattice 
isomorphism in (d), then 
QORIV=QZOR V=Z’QaR V, 
so that F(ZV) = I’F( V), and the submodules of V containing IV correspond 
to the submodules of F(V) containing Z’F( V) in the lattice isomorphism in 
(c). Also, I is a maximal ideal of R if and only if Z’ is a maximal ideal of R’. 
The assertions of (4A) follow easily. 
The existence of a finitely generated projective R-module V of local 
length 1 places a restriction on the possible structure of R. If I is any 
maximal ideal, then V/IV is a simple projective R/Z-module, and this 
implies that the simple ring R/Z is Artinian [S, p. 881. 
5. PRIMARY RINGS AND ALGEBRAS 
A ring R is said to be a primary ring if it is similar to a local ring. The 
structure of such rings is given by the following result. 
PROPOSITION (5A). Let R he a ring, A a local ring. Then R is similar to 
A if and only tf R is isomorphic with the ring M,(A) of all n by n matrices 
over A, for some n. Further, if this holds, then R has, to within isomorphism, 
a unique projective indecomposable (left) module P, which is also the unique 
finitely generated projective module of local length 1. The local ring A is 
determined uniquely, to within isomorphism, by the ring R. 
ProoJ The similarity of M,(A) with A is given by a Morita context 
(M,(A), A, P, Q, p, z), where P, Q are the spaces of n by 1 columns and 1 
by n rows over A, with p, z being given by matrix multiplication [4, 
pp. 166-1711. 
Conversely, suppose R is similar to A, by a Morita context 
(R, A, P, Q, p, z). Then P is a finitely generated projective right A-module, 
and R N End, P [4, p. 1671. Since A is local, P is free, so that R N M,(A), 
where n is the rank of P over A. If F: R-mod -+ A-mod is the category 
equivalence given by the context, then F(P) = A. Since projective 
A-modules are free, A is the unique projective indecomposable (left) 
A-module, and is also the unique finitely generated projective A-module of 
local length 1. Hence the same uniqueness properties hold for P as an 
R-module. Since A is anti-isomorphic with End, P, uniqueness of P implies 
that of A. This proves (5A). 
Primary rings can also be characterized as semiperfect rings R for which 
R/J(R) is prime, or as rings for which R/J(R) is simple Artinian and idem- 
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potents of R/J(R) can be lifted to idempotents of R. However, we shall not 
need these characterizations. 
Suppose R is a primary ring which is an algebra over a commutative 
ring K. Then the associated local ring A is also an algebra over K. We shall 
say R is a primary algebra over K if A is a local algebra over K, in the sense 
that condition (LA) of Section 2 is satisfied. In particular, if R is finitely 
generated as a K-module, then since R is a direct sum of n2 K-submodules 
isomorphic with A, A is also finitely generated. By (2A), A is then a local 
agebra, and R is a primary algebra. 
If R, R, are algebras over K, K, , and p: K + K, is a homomorphism, we 
say an (R, , R)-bimodule M is u-balanced if the induced actions of K, , K on 
M are compatible with p, that is, 
m(al R) = ((a“) 1 R,) m, 
where m E M, c1 E K. Similarly, a left (R, , R)-module N is p-balanced if 
(alR)n=((d l.,)n, 
where n E N, a E K. 
THEOREM (5B). Let R, R, be primary algebras over commutative rings 
K, K, , with associated local algebras A, A,, and projective indecomposable 
left modules P, P,, respectively. Let Q be the projective indecomposable right 
module for R. Let W, V be finitely generated projective left R-modules of 
local length greater than 1, and let W,, V, be projective left R,-modules, 
such that W, is finitely generated. Let u be a surjective ring homomorphism 
qf K on K,, and suppose 
is a u-linear map such that the image of every element of local length 1 has 
local length 1. Assume that 
d,JA) 2 &,(A,) < co. 
Then, one of the following holds. 
(i) There exists a direct summand T, of local colength 1 in W,, such 
that the kernel of f(x) contains T,, for every x in Hom,( W, V). 
(ii) There exists a direct summand S, of local length 1 in V,, such 
that the image of f(x) is contained in S1, for every x in Hom,( W, V). 
(iii) There exists a u-balanced (R,, R)-bimodule M, such that 
M@ R P 2: P, as R,-modules, and R ,-linear maps 
e: W, -+MOR W, k: MOR V-+ V,, 
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such that, for all x in Hom,( W, V), 
f(x)=k(l @x)e. 
If S is any direct summand of V of local length 1 and T is any direct sum- 
mand of W of local colength 1, then k(M@ S) is a direct summand of V, of 
local length 1, and e ~ ‘(MO T) is a direct summand of W, of local 
colength 1. 
(iv) There exist a p-balanced left (R,, R)-bimodule M, such that 
Q OR M ‘v P, as R,-modules, and R,-linear maps 
e: W, -+ V*@.M, k: W*aRM+ V,, 
such that, for all x in Hom,( W, V), 
f(x) = k(x* 0 1) e. 
If S is any direct summand of V of local length 1 and T is any direct 
summand of W of local colength 1, having annihilators So, p in V*, W*, 
respectively, then k( p Q M) is a direct summand of V, of local length 1, and 
e - ‘(So @ M) is a direct summand of W, of local colength 1. 
Proof: This is essentially a formal translation of (3H), using category 
equivalence with the local case. We give a portion of the argument. 
The similarity of R with A is given by a Morita context involving P as 
an (R, A )-bimodule and Q as an (A, R)-bimodule, producing reciprocal 
category equivalences 
F: R-mod + A-mod, F(W = Q Q,t X 
G: A-mod + R-mod, G(Y)=P@, Y, 
as well as an equivalence 
E: mod-R + mod-A, E(U)= U@e P. 
Also, R, is similar with A, by way of a Morita context involving P, as an 
(R,, A,)-bimodule, and an (A,, R,)-bimodule Q, , producing reciprocal 
equivalences 
F, : RI-mod -+ A,-mod, FI(X,)=QIQR, X,9 
G, : AI-mod -+ RI-mod, G,(Y,)=P,Q,, Y,. 
Now we have a p-linear map 
F,fG: Hom,M’(W, F(V))+HomA,(F,(W,), F,(V,)), 
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where we identify GF( W) and GF( V) with Wand V, by way of the natural 
isomorphism of GF with the identity. 
Application of (4A) shows that F,fG preserves elements of local length 1 
(that is, of rank 1, since A, A, are local algebras) and that (3H) applies. 
The conclusions (i)-(iv) of (3H) lead to conclusions (i))(iv) of the present 
theorem. 
We illustrate by taking the case (iv). Thus, we have a p-linear anti- 
homomorphism of A into A,, making A, into a p-balanced left (A,, A)- 
module, and A,-linear maps 
e’:F,(W,)-+F(V)*@, A,, 
k’: F(W)* @A A, + F,( I’,), 
with certain properties relating to direct summands of rank 1 and corank 1 
in F(V) and F(W), such that 
F,fG(y) = k’(y* 0 1) e’, 
for all y in Hom,(F( W), F(V)). Then, 
F,f(x) = F,fGF(x) = k’(F(x)* 0 1) e’, 
for all x in Hom,( W, V). 
By property (g) of Morita equivalence, given in Section 4, we have 
natural isomorphisms 
F(v)*- E(V”)= v*o,p, 
F(W)*-E(W*)= w*@,P, 
under which the map F(x)* of F(V)* into F( W*) corresponds to the map 
x* @ 1 of V* OR P into W* OR P. Thus, we may regard e’, k’ as maps 
e’: F,( WI)-+ V*@. POa A,, 
k’: W* OR P@, A, --t F,( V,), 
such that, for all x in Hom.( W, V), 
F,f(x)=k’(x*@ 1) e’, 
where here 1 represents the identity map on POa A,. Apply G, and the 
natural isomorphism of G, F, with the identity, to obtain maps 
e: W,+ V*ORM, k: W*@, M-+ V,, 
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such that, for x in Hom,( W, V), 
f(x) = 4x* 0 1) e, 
where M=G,(P@, A,)= P,Oa, (POa A,), a left (R,, R)-module. 
Since the action of R on M arises from its action on P, we have the 
isomorphisms of R,-modules 
since Q OR P rr A as right A-modules, A aA A, N A, as left A,-modules, 
and P, Oa, A, % P, as left R,-modules. The check that M, e, k have all the 
remaining properties asserted in (iv) is straightforward. 
The conclusions (iii) and (iv) can be stated in a different way. In (iii), the 
(R, , R)-bimodule M defines a functor H: R-mod + R,-mod, such that H 
takes a projective indecomposable R-module to a projective indecom- 
posable R,-module, and then f has the form f(x)= kH(x) e, where 
e: W, -+ H(W), k: H(V) + V,. In (iv), A4 defines a functor mod-R + 
R,-mod, and evverything can be stated in terms of this functor. We use this 
language in stating a “bijective version” of (5B), corresponding to (31), for 
which we do not need the dimension hypotheses concerning the associated 
local algebras A, A,. The following is a converse of (4A)(iv), which states 
that category equivalences produce maps preserving local length 1 
elements. For simplicity, we assume that V, Ware distinct. In any case, we 
can always replace W by an isomorphic copy of itself to obtain this. 
COROLLARY (5C). Let R, R, he primary algebras over a commutative 
ring K, which are finitely generated as K-modules. Let W, V be left 
R-modules and W, , V, left RI-modules, alljinitely generated, projective, and 
of local length greater than 1. Assume that W, V are distinct. Suppose 
is a hijective K-linear map, such that f(x) has local length 1 tf and only if x 
has local length 1. Then one of the following holds. 
(i) There exists a category equivalence H: R-mod + R,-mod, such 
that H(W) = WI, H(V) = V,, and f(x) = H(x), for all x in Hom,( W, V). 
(ii) There exists a category equivalence H: mod-R + R,-mod, such 
that H(V*)= W,, H(W*)=V,, and f(x)=H(x*), for all x in 
Hom,( W, V). 
Case (i) corresponds to (SB)(iii). In this case, the functor of R-mod into 
R,-mod defined by M is a category equivalence. Also, e and k are 
isomorphisms, which transform this functor into an equivalence H with the 
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properties given. (This is where the assumption that Wand I/ are distinct is 
used.) Similar remarks apply to case (ii). 
These results may be compared with those of McDonald for the case 
R=R,=K, p=l, where R is any commutative ring, and 
V= V, = W= W,, so that J’ is a linear map of L into itself, where 
L = End, V [S]. After modifying f so that it has uniform behavior at all 
primes, he shows that 
M= ((y,q)~L@L\,f(x)q=px, all x in Lj 
is an invertible submodule of LO L, and that then J’ coincides with the 
“generalized equivalence transformation” E, defined by M [8, p. 241. It 
can be shown that we have isomorphisms 
g: MmR I’+ V, k: MBR V-+ l’, 
given by 
K((Pt Y) 0 0) = Y(U)3 Q(P, Y) 0 0) = P(U), 
and that E,(x) = k( 10.x) g ‘, for all x in L. Thus, the description of ,f 
given in (SB)(iii) coincides with that of McDonald in this case. 
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